Fractons by Nandkishore, Rahul M. & Hermele, Michael
Fractons
Rahul M. Nandkishore and Michael Hermele
Department of Physics and Center for Theory of Quantum Matter,
University of Colorado, Boulder, Colorado 80309, USA
(Dated: April 2, 2018)
Abstract
We review what is known about fracton phases of quantum matter. Fracton phases are character-
ized by excitations that exhibit restricted mobility, being either immobile under local Hamiltonian
dynamics, or mobile only in certain directions. They constitute a new class of quantum state of
matter, which does not wholly fit into any of the existing paradigms, but which connects to ar-
eas including glassy quantum dynamics, topological order, spin liquids, elasticity theory, quantum
information theory, and gravity. We begin by discussing gapped fracton phases, which may be de-
scribed using exactly solvable lattice spin models. We introduce the basic phenomena, and discuss
the geometric and topological response of fracton phases. We also discuss connections to general-
ized gauge theories, and explain how gapped fracton phases may be obtained from more familiar
theories. We then introduce the framework of tensor gauge theory, which provides a powerful com-
plementary perspective on fracton phases. We discuss how tensor gauge theory encodes the fracton
phenomenon, and how it allows us to access gapless fracton phases. We discuss the basic properties
of gapless fracton phases, and their connections to elasticity theory and gravity. We also discuss
what is known about the dynamics and thermodynamics of fractons at non-zero density, before
concluding with a brief survey of some open problems.
Key words: Stabilizer code, glassy dynamics, spin liquid, symmetric tensor, entanglement.
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I. INTRODUCTION
The search for new states of matter is a central focus of condensed matter physics. Until
recently, our understanding of the possible states of quantum matter was based largely on
the traditional frameworks of broken symmetry [1], band theory, and Fermi liquid theory.
Today, frameworks are being developed that encompass topological phases of matter [2],
and new forms of quantum matter have been uncovered in non-equilibrium settings [3, 4].
Recently, interest has been growing in a new class of quantum states of matter that does
not wholly fit within any existing framework. These are the fracton [5–41] phases, and they
constitute a new frontier for quantum condensed matter.
The defining characteristic of fracton phases is that the elementary excitations thereof
exhibit restricted mobility when acted upon by local operators – they either cannot move
without creating additional excitations (fractons), or else they can only move in certain di-
rections (subdimensional particles). Meanwhile, composites of the elementary excitations are
mobile particles, such that the elementary excitations themselves may be viewed as having
‘fractionalized mobility.’ This restricted mobility endows fracton phases with glassy dynam-
ics [5, 19], providing an intimate connection to ongoing research on glassy states of quantum
matter. At the same time, gapped fracton phases in three spatial dimensions with periodic
boundary conditions also exhibit a ground state degeneracy, that is exponential in linear
system size, with distinct ground states being indistinguishable under local measurements
[5–12]. The local indistinguishability of ground states is a property shared with topolog-
ically ordered systems, such as fractional quantum Hall liquids and gapped spin liquids.
However, such more conventional systems have a constant ground state degeneracy in the
thermodynamic limit.
Methodologically, two approaches have so far played a particularly important role in un-
derstanding fracton phases. One strategy is to construct and study exactly solvable spin
models. This was the approach employed in Chamon’s foundational paper [5] and in the
seminal early works [6–12], and it makes liberal use of ideas and tools from quantum infor-
mation theory. This approach is limited at present to systems in three spatial dimensions,
and naturally gives rise to gapped fracton phases. A complementary approach pioneered
by Pretko [13] studies instead gauge theories involving symmetric tensor gauge fields, and
connects to distinct areas of physics, including elasticity theory [36] and gravity [20]. This
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approach naturally gives rise to gapless fracton phases, and also allows to extend the fracton
phenomenology to two spatial dimensions.
The fracton frontier thus sits at the confluence of multiple streams of research in theo-
retical physics. Perhaps in consequence, it has witnessed a remarkable flowering of research
activity [5–40], with major new results appearing every few weeks. This review aims to pro-
vide a map of this frontier, or at least of those parts of it that we currently understand.
It is structured as follows: in Section II we discuss gapped fracton phases. These are most
naturally understood in terms of exactly solvable spin models, and we introduce two models
of this type - the X-cube model and Haah’s code. We highlight the key features of these
models. We also explain how these models may be obtained from simpler models through
layer constructions, dualities, or parton constructions, and how gapped fracton phases may
be placed on general three dimensional manifolds. In Section III we shift our attention to
gapless fracton phases, which are most naturally described in the language of tensor gauge
theories. We discuss the basic structure of these theories and also comment on how the gauge
theory approach allows us to extend fracton phenomenology to two spatial dimensions, and
how it connects to elasticity theory and gravity. In Section IV we move to discussing the
dynamic and thermodynamic properties of fractonic matter at non-zero density. In Section
V we discuss some open questions that seem particularly important to us, and conclude.
We note that we have focused this review on theoretical work - the experimental study of
fractons has barely begun, and we have not attempted to discuss it here.
II. GAPPED FRACTON PHASES
A. Solvable models for gapped fracton phases
We begin our exploration of gapped fracton phases by describing two exactly solvable
models in three space dimensions that have played an important role in studies of fracton
physics. We first introduce the X-cube model of Vijay, Haah and Fu, which is perhaps
the simplest fracton model 1. The X-cube model realizes an example of a “Type I” gapped
fracton phase, where in addition to immobile fractons, there are also mobile sub-dimensional
excitations. We also discuss Haah’s cubic code, which is in a “Type II” gapped fracton phase,
1 Historically, the X-cube model seems to have first appeared in Appendix D of Ref.[42]
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where all the non-trivial excitations are immobile fractons. Associated with this difference,
the cubic code has a fractal structure that we will expose, while the X-cube model lacks
fractal structure.
In the X-cube model, spin-1/2 spins (qubits) are placed on the links of the simple cubic
lattice. For each link `, we denote Pauli operators by X` and Z`. The Hamiltonian is
HX−cube = −u
∑
c
Ac −K
∑
v,µ
Bµv , (1)
where u,K > 0, the first sum is over all elementary cubes c and the second sum is over
all vertices v and directions µ = x, y, z. As illustrated in Fig. 1, Ac is a product of X` over
the 12 links in the boundary of the cube c, while Bµv is a product of Z` over the “star” of
four links touching v and lying in the plane normal to µ. All the terms in the Hamiltonian
commute with one another, so the model is exactly solvable, and energy eigenstates can be
labeled by the ±1 eigenvalues of the Ac and Bµv operators. The X-cube model is reminiscent
of Kitaev’s Z2 toric code, and like that model is a stabilizer code, which means that every
term in the Hamiltonian is a product of Pauli operators.
For an L×L×L system with periodic boundary conditions, the ground state degeneracy
GSD grows exponentially with L. It was proved rigorously that for L even, log2 GSD = 6L−3.
The degenerate ground states cannot be distinguished by any local measurements, and the
model is topologically ordered in that sense.
The X-cube model has two types of excitations. The immobile fracton excitations reside
on isolated cubes with Ac = −1. Acting on a ground state with Z` creates four fractons
on the cubes touching `, and four well-separated fractons can be created at the corners of
a membrane operator that is a product of Z` over a rectangular region in e.g. the 〈100〉
plane. In this sense, we can think of the X-cube model fractons as defects at the corners of
rectangular membranes. In order to move a fracton, one must create two additional fractons
at the other corners of a membrane; these gapped excitations cost energy, so the consequence
is that a single isolated fracton is immobile even when generic local perturbations are added
to the X-cube model (see Fig.1).
The other excitations of the X-cube model are one-dimensional particles that reside at
vertices where e.g. Bxv = B
y
v = −1 and Bzv = 1. These excitations are created by acting with
a string of X` operators, and can move, but only along a single axis parallel to the x, y or z
direction; the example given moves along the z-direction. The one-dimensional excitations
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ton models with conserved U(1) charge could realize ex-
otic three-dimensional phases that are thermal metals
but charge insulators.
Our work has striking implications for MBL, for the
study of fracton phases, and for possible technological
applications of both. For MBL, our work illuminates new
connections to glasses, introducing a new class of mod-
els that exhibit glassy quantum dynamics with transla-
tion invariant Hamiltonians. It may also inform investi-
gations of localization and glassy dynamics in higher di-
mensions [46–48]. For the field of fracton phases, our work
reveals that not only do these models have an unusual
ground state structure, they also support rich quantum
dynamics, thus opening a new line of investigation for
three-dimensional topological phases. Practically speak-
ing, our work also uncovers a new route to information
storage, as well as identifying a potential class of three-
dimensional phases that are thermal metals but charge
insulators. These last could have applications e.g. in high
density electronics, where the problem of heat dissipation
currently constrains possibilities for miniaturization.
II. FRACTON MODELS
Fracton topological phases are a new class of three-
dimensional phases of matter that display features that
go beyond those familiar from gauge theory. These
phases can be obtained as the quantum duals of three-
dimensional systems with symmetries along lower dimen-
sional sub-systems, specifically along planes and fractals.
A unified framework, based on a generalized lattice gauge
theory, for fracton topological order was recently pro-
posed in [38]. Given the novelty of these phases, in this
section we provide a self-contained exposition of fracton
systems, focusing primarily on specific examples to elu-
cidate the features most relevant to the dynamics.
Fracton phases arise in exactly solvable lattice models
in three spatial dimensions and exhibit a sub-extensive
topological ground state degeneracy on the 3D torus. The
distinguishing feature of these systems is the presence of
point-like fractional excitations—fractons—that are fun-
damentally immobile i.e., they cannot move without cre-
ating additional topological excitations. In contrast with
anyons in two-dimensional topologically ordered systems,
where anyons are created at the ends of a Wilson line and
are thus allowed to move by application of a local line-
like operator, there exists no local line-like operator that
creates a pair of fractons. Instead, fractons are created
at the ends of membrane or fractal operators, leaving a
single fracton immobile. A classification scheme for frac-
ton topological order was recently proposed in [38], where
these systems were divided into type I and type II phases.
Type I fracton phases, such as the X-Cube model dis-
cussed below, host fracton excitations at the ends of
membrane operators. While single fractons are immobile,
bound-states of fractons form composite topological ex-
citations that are free to move along lower-dimensional
subsystems such as a line or a plane. There may also exist
additional quasi-particles that are confined to move only
along lower-dimensional subsystems. In type II phases,
such as Haah’s code [35], fractons are created by the ap-
plication of fractal operators and all topological excita-
tions are strictly immobile. The latter feature leads to a
fundamental di↵erence between the dynamics of type I
and II fracton phases, which we now consider separately
in the following sections.
III. TYPE I FRACTON MODELS
The physics of type I fracton topological order is best
illustrated through the example of the X-Cube model [38]
that displays the essential features of these phases. The
X-Cube model is an exactly solvable lattice model defined
on a cubic lattice with Ising spins living on each link. The
Hamiltonian is
HXC =  
X
c
Ac  
X
v,k
B(k)c , (1)
where the first term is the sum over all cubes of a twelve-
spin  x interaction and the second term is the sum over
all vertices of planar four-spin  z interactions as depicted
in Fig. 1. In contrast with two-dimensional topologically
ordered states, such as the Toric Code, that have a finite
and constant topological ground state degeneracy on the
two-torus, the ground state of the pure X-Cube model on
the three-torus of linear dimension L has a sub-extensive
topological ground state degeneracy D, where log2D =
6L  3.
A fracton is created by flipping the eigenvalue of the
cubic interaction term. However, there exists no local op-
erator that can create a single pair of fractons. Indeed,
FIG. 1: The X-Cube model is represented by spins   placed
on the links of a cubic lattice and is given by the sum of a
twelve-spin  x operator at each cube c and planar four-spin
 z operators at each vertex v.
(ii)
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applying a  z operator to a link flips the eigenvalues of
the four cubes sharing that link. Acting on the ground
state by  z along a membrane operator Mˆ creates four
fractons at the corners of the membrane, as shown in
Fig. 2i. A single fracton, denoted e(0) (where the super-
script denotes that it is a dimension-0 excitation), is thus
fundamentally immobile, as moving it would create addi-
tional fractons. This is the fundamental “superselection”
rule [49] that will lead to glassy dynamics. Pairs of frac-
tons are however free to move by repeated application
of local membrane operators. A straight Wilson line of
 z operators creates a pair of fractons at each end—each
pair is a composite excitation that can move in two di-
mensions, and which we refer to as a dimension-2 (dim-2)
excitation e(2), as shown in Fig. 2ii. In the X-Cube model,
there exist additional dimension-1 excitations (m(1)) cre-
ated at the ends of a Wilson line of  x operators, that are
mobile along one-dimensional sub-manifolds. Henceforth
we will refer to the fully mobile four-fracton composites,
created by single  z operators, as the topologically neu-
tral sector, and the lower dimensional excitations (frac-
tons and e(2)’s) as the topologically charged sector.
In the following sections, we will focus specifically on
the X-Cube model in the presence of transverse fields,
H =  J
X
c
Ac  
X
v,k
B(k)c + ⇤
X
i
 z +  
X
i
 x, (2)
where i goes over all links in the cubic lattice. Since the
pure X-Cube model Eq. (1) is a sum of commuting pro-
jectors, the relative coe cient J simply sets the energy
scale between the e and m excitations when ⇤,  = 0.
In the presence of the transverse fields, we expect that
the fracton phase will survive up to some finite ⇤/J and
 /J since this is a gapped phase of matter that is sta-
ble to local perturbations [50, 51]. In the limit of large
transverse fields however, the fracton topological order
will be destroyed, but the precise nature of the transition
between the fracton phase and the trivial paramagnetic
phase has yet to be understood [38]. Since we are inter-
ested in the dynamics within the fracton phase, allowing
only for weak local perturbations, we set J = 1, noting
that our analysis holds as long J is O(1). In addition, we
(i) (ii)
FIG. 2: Topological excitations of the X-Cube model are
depicted in (i) and (ii). Fractons e(0) are created at corners
by acting on the ground state by a membrane operatorM
that is the product of  z operators along red links. Wilson
line operators create a composite topological excitation e(2).
will first set   = 0 and consider only the dynamics of the
fractons and their composites. After analysing this sec-
tor, we will comment on the consequences of a non-zero
 , which would allow the m(1) particles to hop as well.
The Hamiltonian pertinent for the following discussions
is thus
H =  
X
c
Ac  
X
v,k
B(k)c + ⇤
X
i
 z, (3)
with the perturbation strength ⇤ ⌧ 1. We note that
while we are focusing on the specific example of the X-
Cube model, the results presented here hold broadly for
all type I fracton phases.1
A. Type I Fractons at Finite Energy Density
We begin our discussion of dynamics in fracton mod-
els by considering the X-Cube model Eq. (3) at finite
energy density. Since we have switched o↵ the term that
would allow m’s to hop, we have three kinds of excita-
tions with dynamics in our system: neutral composites,
which, being fully mobile and created by local terms, are
three-dimensional bosons; dim-2 excitations e(2), which
are two-dimensional bosons [38]; and the topologically
charged fractons. A word on notations—since both the
neutral composites and e(2)’s are bosonic, we will hence-
forth refer to the former as the composite (c) sector and
the latter as the bosonic (b) sector, with fractons (f)
sometimes also referred to as the (topologically) charged
sector.
From the preceding general discussion of the model,
it is clear that each fracton hop is accompanied by the
creation of two additional fractons, and so energetically
costs an amount W = 4. We will henceforth refer to this
charge gap simply asW , since the analysis applies also to
generalizations of Eq. (3) that are in the same phase, but
perhaps with a di↵erent charge gap. A single fracton hop
is depicted in Fig. 3: starting with an isolated fracton,
we can move this over by one site by acting by a sin-
gle  z operator on the link adjacent to the fracton. This
creates two additional topological excitations; however,
this pair is a dim-2 e(2) excitation and can be moved o↵
to infinity at no additional energy cost. Thus, each hop
takes the system o↵ energy shell. To fully understand the
relaxation in the fracton sector, we must thus take into
account the fully mobile neutral composites and the dim-
2 excitations. These sectors act as a thermalizing bath for
the fractons as rearrangements within these sectors allow
the system to come back on energy shell after each hop.
1 The X-Cube model lacks an exact electromagnetic duality,
present in other type I models e.g., the Majorana cube or
Checkerboard models, which have two distinct fracton excita-
tions, e(0) and m(0). However, we can always choose to initialize
the system with only one topological excitation or perturb the
system only by terms that allow one of the excitations to hop.
(iii)
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Before studying the non-equilibrium dynamics, we con-
sider the system—comprised of fractons, e(2)’s, and neu-
tral composites—in equilibrium, at some temperature
T ⌧ W . The local energy scale in the topologically
charged sector is W , where W is the charge gap, i.e.,
the cost of creating two fractons. Further, the fracton
sector is coupled to a dense, high temperature bath of
neutral composites which hop at a rate ⇤ ⌧ W . Here
each species is gapped, with a gap of W/2, W , and 2W
for creating a single fracton, e(2), and composite respec-
tively. Additionally, since the composites and e(2)’s are
neutral, with the fractons carrying only a Z2 charge, the
density and temperature of these excitations cannot be
controlled independently; rather, the equilibrium temper-
ature uniquely determines the density of each species,
nf ⇠ e W2T , nb ⇠ e WT , nc ⇠ e  2WT , (4)
where nf is the density of fractons, nb is the density of
dim-2 bosonic excitations, and nc is the density of the
composites.
Due to the form of the perturbation,  z, the only pro-
cesses that lead to an exchange of energy between the
three sectors are those where the total Z2 charge along
each row and each column of the cubic lattice is con-
served. For instance, in Fig. 3, the initial and final topo-
logical charges along each column and each row are pre-
served (modulo 2). From ll possible on-shell processes
by which the three sectors can exchange energy, we will
consider only two body processes that are up to second
order in ⇤ (shown in Figs. 12 and 5) since all others will
be further suppressed either by density factors or by the
perturbation strength. As an illustration, Fig. 12 depicts
the processes where a composite breaks into two e(2)’s
and where two e(2)’s combine into a composite.
FIG. 3: A single fracton hop. Starting from a single isolated
fracton, we can move it over by one site by the action of a
 z operator, shown in red, in step a). However, this creates
two additional fractons which together form a dimension-1
excitation that can move along a line without creating any
further excitations. As shown in b), this pair can then be
moved o↵ to infinity by the action of a Wilson line of  z
operators.
Within the thermalizing bath, the composites and
e(2)’s can either hop at a rate ⇤ or scatter o↵ each other
while remaining locally on-shell, at a rate ⇤2/W . Since
we are interested in the regime where ⇤ ⌧ W , the heat
bath has a narrow local bandwidth ⇠ ⇤, determined pri-
marily by the hopping. As discussed earlier, a single frac-
ton hop takes the system o↵ energy shell by an amount
W , and hence a single rearrangement within the bath
cannot place the system on shell. The traditional anal-
ysis of localized systems coupled to narrow bandwidth
baths [45, 52, 53] makes use of many body r a r nge-
ments in the charge sector to obtain a relaxation rate
that is power law slow in the bandwidth of the bath.
However, in that setting the charge sector admits local
re-arrangements that are “uphill” or “downhill,” which
may be combined into a many body re-arragement that
is o↵ shell by much less than W . The present situation
di↵ers in that every local re-arrangement in the charge
sector is “uphill” in energy, so the dominant relaxation
mechanism from Ref. [45, 52, 53] does not apply. Since the
maximum energy the bath can provide is ⇤˜ = min(⇤, T ),
the bath must be probed n ⇠ W/⇤˜ times for the frac-
tons to borrow enough energy to perform a single hop.
This leads to a relaxation rate in the charge sector that
is exponentially slow in W/⇤˜, scaling as
  ⇠ nfe n ⇠ nfe W/⇤˜. (5)
Alternatively, we could make use of the extensive nature
of the many body bandwidth in the bath and could use
an n ⇠W/⇤˜ particle rearrangement in the bath to place
fracton rearrangements on shell. However, this yields [54]
an exponentially slow relaxation of the same form as
Eq. (5), up to sublead ng prefactors.
The fractons, however, have an additional channel
through which they can hop in an on-shell manner. This
process, depicted in Fig. 4, requires the presence of an
e(2) excitation in the vicinity of the fracton. During this
process, the fracton hops once, destroying the neighbour-
ing e(2), and hops again, thereby returning the system
on-shell by creating an e(2) particle. Since this process is
mediated by the e(2)’s, the rate at which it proceeds is
additionally suppressed by the density of the bosons nb
  ⇠ nfnb ⇠ nf e W/T , (6)
Thus, the fractons have two possible hopping channels—
either by borrowing energy from the bath or by using the
bosons as intermediaries. The faster rate will dominat
and so
  ⇠ nf max
⇣
e W/T , e W/⇤˜
⌘
⇠ nf e W/T . (7)
This behaviour is in marked contrast with the usual case
of activated transport. In typical gapped phases, the re-
laxation displays an Arrhenius law  A ⇠ n ⇠ e  /T ,
where n is the density of charge carries and   is the
charge gap. This exponential slowness of the relaxation
is governed primarily by the exponential rarity of charge
FIG. 1. Figures taken from Ref.[19] illustrating key features of the X-cube m del. (i) An i lustration
of the stabilizer operators that make up the model, Eq.1, using the notation σ`z = Z`, σ
`
x = X`.
(ii) Acting with a rectangular membrane of Z` operators (red lines) creates a state where the four
corners of the membrane (blue cubes) have eigenvalue −1 under the A operator. These blue cubes
are the fracton excitations of the model. (iii) A fracton can be moved by a local operator (red line),
but only at the cost of creating additional excitations (two more ‘flipped’ blue cubes).
are thus defects residing at the ends of rigid strings. For a one-dimensional particle to turn
a corner, it must emit an additional one-dimensional particle.
In general, we expect that any non-locally-creatable excitation of a bosonic system can
be remotely detected by some process. For instance, in d = 2 topological order, an anyon
a can be detected via mutual statistics, where an anyon b is moved in a circle around a.
Equivalently, because anyons are defects created at the ends of string operators, we can
remotely detect a by acting with an encircling loop of b-type string operator. There is an
analogous process in the X-cube model [17]; an isolated fracton can be remotely detected
by acting with a product of string operators for one dimensional particles (i.e. X`) over the
edges of a large rectangular prism. The resulting statistical phase is (−1)nf , where nf is the
number of fractons in the interior of the rectangular prism. This example suggests that it
should be possible to develop a theory of remote detection processes for fractons, generalizing
more familiar ideas of braiding; this will be an exciting direction for future work.
Haah’s cubic code is also defined on the simple cubic lattice, but now placing two qubits on
each vertex. We denote Pauli operators on each vertex by tensor products such as XI = X⊗I
and XZ = X ⊗ Z, where I is the identity operator acting on one of the qubits. The
Hamiltonian is
HHaah = −
∑
c
Ac −
∑
c
Bc, (2)
5
10
FIG. 7. Ac (right) and Bc (left) terms in Haah’s code, showing
our choice of coordinate axes. Each site has two spins. X and
Z denote the corresponding Pauli operators. I represents the
identity operator.
To compute the topological entanglement entropy, we
first employ the ABC prescription with regions as shown
in Fig. 3. It is shown in Appendix A 2 that the stabi-
lizer groups for regions A, B, C, AB, and so on are all
locally generated. Therefore, following the discussion of
Sec. III B,  SABCtopo is the number of local stabilizers con-
tained in ABC that have support split among all three re-
gions A,B, C. These stabilizers reside on cubes along the
axis where the three regions meet, and there are 2(R 1)
of them, where the factor of 2 accounts for counting both
X and Z stabilizers. Therefore,
SABCtopo =  2R+ 2, (34)
where only the R-linear term is expected to have any
universal meaning.
We also consider the topological entanglement entropy
captured by two di↵erent PQWT prescriptions, deter-
mined using the numerical method of Sec. III C. We first
simplify the problem using the spatial inversion symme-
try of Haah’s code, which acts non-trivially on the spins,
sending X ! Z and Z !  X, and also exchanging
the two qubits on each site. If a region A is inversion-
symmetric, then ⌦ZA = ⌦
X
A . On the other hand, if two
regions A and B are related to one another by inversion,
then ⌦ZA = ⌦
X
B and ⌦
X
A = ⌦
Z
B . In the PQWT prescrip-
tion of Fig. 4, regions P and T are inversion-symmetric,
while inversion exchanges Q and W . This implies
SPQWTtopo =  2⌦ZP + 2⌦ZQ + 2⌦ZW   2⌦ZT . (35)
Our numerical calculations lead to the conclusion that
SPQWTtopo = 0 for the regions of Fig. 4. (In more detail,
we show in Appendix A2 that the stabilizer groups for
regions Q, W and T are all locally generated, i.e. ⌦ZQ =
⌦ZW = ⌦
Z
T = 0. Numerically, we find that ⌦
Z
P = 0 for
R = 4, . . . , 11. While ⌦ZP = 2 for R = 2 and ⌦
Z
P = 1 for
R = 3, this seems to be a finite-size e↵ect.) This result
is strikingly di↵erent from SABCtopo , while the linear term
in these two entropies only di↵ered by a factor of two for
the X-cube model. The contrast with the X-cube model
suggests that Haah’s code may not have a coupled-layer
description where the layers lie in {100} planes.
To find a di↵erent PQWT prescription that does cap-
ture some of the non-local entanglement in Haah’s code,
we note that we should not expect the non-local stabiliz-
ers of Haah’s code to be one-dimensional objects, as they
are in the X-cube model. This expectation is based on
the fact that none of the topologically charged excitations
in Haah’s code can be transported by string operators,
so we should expect that any non-local stabilizers are
higher-dimensional objects. Moreover, this expectation
is further substantiated by the fact that ⌦ZP = 0 for the
solid torus region of Fig. 4. This motivates us to employ
the PQWT prescription of Ref. 27, with regions shown
in Fig. 8. Here, the region P is more isotropic, allow-
ing for non-local stabilizers wrapping entirely around the
interior cube.
The regions of Fig. 8 indeed give a non-zero result for
SPQWTtopo . Our numerical results are summarized in Ta-
ble I, and we find
SPQWTtopo =  4R+ 12, (36)
based on numerical calculations up through R = 11.
This topological entanglement entropy also has aR-linear
term. It is interesting to remark that, while Haah’s code
has a well-known intricate dependence of the ground
state degeneracy on system size36, the behavior of the
topological entanglement entropy is much simpler.
TABLE I. The number of non-local stabilizers ⌦ZA as a func-
tion of R for regions A = P,Q,W, T shown in Fig. 8. The
functional forms shown are exact from R = 4 up through
R = 11 (the largest value of R for which calculations were
done). These results determine SPQWTtopo via Eq. (35).
⌦ZP ⌦
Z
Q ⌦
Z
W ⌦
Z
T S
PQWT
topo
6R  7 2R 2R  1 0  4R+ 12
At this point it is natural to ask if the topological en-
tanglement entropy in Haah’s code may also be given
a geometrical interpretation in terms of constraints on
the structure of the ground state wavefunction, like the
loop condensate picture for toric code and X-cube mod-
els. Because isolated fractons in Haah’s code are created
at corners of fractal operators, it seems likely that the
ground state can be viewed as some kind of condensate
of fractal objects. At present, to our knowledge there is
no clearer meaning that can be given to this picture, or
whether it can shed light on non-local entanglement.
VI. LOCALIZATION-PROTECTED FRACTON
ORDER IN EXCITED STATES
Thus far, we have focused exclusively on ground states.
However, for stabilizer Hamiltonians, the entire spectrum
shares the same entanglement entropy properties as the
ground state (excited states di↵er only in their eigen-
values under stabilizer operators). The di↵erence be-
tween ground states and excited states only manifests
FIG. 2. Illustration of the two stabilizer operators that make up Haah’s cubic code, Eq. 2. Figure
taken from [33].
where both the Ac and Bc terms are defined on cubes c. As shown in Fig. 2, Ac is a product of
Z Pauli operators, while Bc is a product of X’s. The ground state degeneracy of a L×L×L
system with periodic boundaries has a complicated dependence on the system size, but
satisfies the simple upper bound log2 GSD ≤ 4L [8].
Haah’s code has a “self-duality” symmetry that exchanges the Ac and Bc terms, which
realized by a combination of lattice inversion about a cube center, a swap of the two qubits
on each lattice site, and unitary rotation that sends X → Z and Z → −X for each qubit.
Therefore it is enough to focus on the Ac = −1 excitations, which are immobile fractons.
Acting with XI or IX creates four excitations in two different tetrahedral patterns on
neighboring cubes. These four excitations can be separated far apart by “gluing” elementary
tetrahedra in a fractal pattern, and the cubic code fractons are defects residing at the corners
of a fractal object. An analogous geo et construction, based on triangles in two spatial
dimensions, is illustrated in Fig. 3.
Conventional topological phases can be characterized by their topological entanglement
entropy, which is a non-local contribution that can be extracted from the entanglement
entropy, and related to universal properties of a topological phase. This has been generalized
to fracton models [23, 33–35], where a variety of non-local contributions to the en ropy have
been studied, that have been argued to be a robust property of the underlying gapped fracton
phase. A general feature of these “topological” entanglement entropies is the presence of a
term proportional to the linear size of the subregion considered. At least for the X-cube
model, this term can be understood in a loop gas picture of the ground state. In the Z
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FIG. 3. Illustration of a two-dimensional analog of the operators creating isolated fractons in Haah’s
code. Three Ising-like excitations (red dots) are created at corners of a triangle (left). To separate
these excitations, triangles can be glued together, forming a fractal object (middle and right). A
construction similar to this appears in Ref.[7]
basis, the ground state can be viewed in terms of strings of links with Z` = −1, which are
constrained to form closed loops in every {100} plane (i.e. all planes symmetry-equivalent
to a plane normal to the x-axis). Each plane cutting through a region A thus contributes a
constant non-local contribution to the entanglement entropy SA, which results in the linear
term.
B. Topological and geometrical response of gapped fractons
In more conventional topologically ordered phases, an important role is played by the
response of the system to changes in the global spatial topology, as measured by the ground
state degeneracy. That is, conventional topologically ordered phases have a unique ground
state when placed on a sphere, but acquire a ground state degeneracy when placed on a
torus and other manifolds of non-trivial topology. The degenerate ground states cannot be
distinguished by local measurements or correlation functions of local operators. Instead, the
operators with non-trivial matrix elements within the ground state subspace are string-like
or membrane-like operators that wind around the space.
Gapped fracton phases do have degenerate, locally indistinguishable ground states, and
are topologically ordered in that sense. However, the ground state degeneracy depends on and
grows subextensively with the system size, so that ground state degeneracy is not simply a
probe of the global topology. What, then, does the ground state degeneracy probe? Given the
key role discrete lattice geometry plays via the restricted mobility of excitations, it is natural
to guess, and recent works indicate, that ground state degeneracy probes a combination of
7
topological and geometrical properties of the space on which a gapped fracton phase is
defined.
It is also understood how to define generalizations of the X-cube lattice model, both on
more general lattices [43] and on general three-dimensional manifolds [38]. In both these
works, intersecting stacks of two-dimensional surfaces are embedded in the larger space,
and qubits reside on the edges where two surfaces intersect. Vertices, where three surfaces
intersect, always look locally like vertices of the cubic lattice. This allows one to define the
X-cube Hamiltonian on the resulting lattice. In the manifold context, such a structure is
introduced by a foliation of the manifold, and the ground state degeneracy depends both
on the global topology and on the foliation. In fact, even on manifolds of trivial topology
but non-zero curvature, there can be robust ground state degeneracy [29]. In the future, it
will be interesting to explore questions of response to topological and geometrical structure
beyond the X-cube model.
C. Generalized gauge theories and dual spin models
While the study of gapped fracton phases began with exactly solvable spin models, recent
work has moved beyond this paradigm, which is essential if fracton states are to be under-
stood as quantum phases of matter. Vijay, Haah and Fu [12] and independently Williamson
[16] showed that some fracton models are equivalent to a kind of generalized lattice gauge
theory, and moreover are dual to spin models with subsystem symmetries. Ref. [12] started
from subsystem-symmetric spin models as a means to discover new fracton models, includ-
ing the X-cube model. Here, we instead emphasize the generalized gauge theories and dual
spin models as alternate descriptions of fracton physics, that we expect to be useful in fu-
ture work. Indeed, gauge theory and dual spin model representations play an important role
in the theory of gapped spin liquids and other more conventional topological phases. This
subsection is somewhat technical in nature and may be skipped by the inexpert reader.
We illustrate these ideas with the X-cube model. The equivalence between this model and
a generalized gauge theory exactly parallels the equivalence of Kitaev’s Z2 toric code with
Z2 gauge theory [44]. We introduce a gauge theory Hilbert space by placing qubits both on
links ` and cube centers c of the simple cubic lattice, denoting Pauli operators of the link
variables by X˜`, Z˜`, and of the site variables by τ
x
c , τ
z
c . The gauge theory Hilbert space is
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not a tensor product of site Hilbert spaces, but instead obeys the local constraints
τxc =
∏
`∼c
X˜`, (3)
where the product is over the 12 edges bounding the cube c. Gauge-invariant operators are
those that commute with the local constraints, and τ zc and Z˜` are not gauge-invariant. We
can think of X˜` as the generalized electric field, Z˜` as the gauge potential, and τ
x
c as the
gauge charge density. τ zc is the operator creating a gauge charge at c.
The gauge theory Hilbert space is in fact isomorphic to the spin-model Hilbert space of
the X-cube model, with operators in the two Hilbert spaces identified as follows:
X˜` = X` (4)
τ zc1τ
z
c2
τ zc3τ
z
c4
Z˜` = Z`. (5)
In the second equation, ci are the four cubes that have the link ` as an edge. These identities
allow us to express the X-cube Hamiltonian in terms of gauge theory degrees of freedom.
Taking advantage of the local constraint and adding a new term with coefficient J , we have
Hgauge = −K
∑
v,µ
B˜µv − u
∑
c
τxc − J
∑
`
τ zc1τ
z
c2
τ zc3τ
z
c4
Z˜`, (6)
where B˜µv is given in terms of Z˜` by the same expression as B
µ
v expressed in terms of Z`.
In this theory, gauge charges are fractons; indeed, they simply correspond to the Ac = −1
excitations of the X-cube model. The J term corresponds to a perturbation −J∑` Z` in the
X-cube model, which in the gauge theory is manifestly a “hopping” term for the fractonic
matter fields. In the same language, the one-dimensional B˜µv = −1 excitations are gapped
magnetic particles.
This generalized gauge theory representation of solvable fracton spin models is closely
related to the work of Hsieh and Hala´sz, who used parton techniques as a means to identify
new fracton models [21]. The partons are matter degrees of freedom coupled to a generalized
gauge field, and, similarly to the Kitaev spin model on the honeycomb lattice [45], the models
they construct are solved exactly upon representing them in terms of partons.
To obtain the dual spin model, we pass to the “flux-free” sector where B˜µv = 1; we can
achieve this by taking K large and treating the first term in Eq. (6) as a constraint. The
resulting constraint is solved by Z˜` = µc1 · · ·µc4 , where the µci are Ising variables residing
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on the cubes touching `. These variables can be absorbed into τ zc , and we obtain the spin
model
Hspin = −
∑
r
τxr − J
∑

τ zr1τ
z
r2
τ zr3τ
z
r4
, (7)
where the cube centers are the same as sites r of the dual lattice, and the last term is a sum
over dual plaquettes, with ri the four sites at the plaquette corners. This model is invariant
under a planar symmetry, where τ zr → f(r)τ zr , with f(r) = −1 for r contained within any
{100} plane, and f(r) = 1 otherwise. Reversing the steps in the duality, as in the treatment
of [12, 16], amounts to gauging the subsystem symmetry.
D. Mechanisms for gapped fracton phases
It is often useful to understand the degrees of freedom of one phase in terms of some other
phase. For example, many quantum spin liquids can be understood by quantum disordering
either a magnetically ordered state or a superconductor, while suppressing the proliferation
of certain topological defects, which become gapped excitations in the spin liquid. This
provides both a useful theoretical description, and a mechanism by which one phase can
emerge from a proximate phase. We note that the question of whether two phases are
separated by a continuous quantum phase transition is a more detailed issue; the existence
of such a mechanism only raises the possibility of a continuous transition.
It has been shown that some gapped fracton phases, in particular the phase of the X-
cube model, can be obtained by coupling together two dimensional layers of Z2 toric codes
[17, 18]. One starts from three perpendicular stacks of d = 2 layers arranged into a cubic
lattice. In a strong-coupling limit, one obtains the X-cube Hamiltonian within degenerate
perturbation theory. This can be understood at intermediate coupling in terms of a particle-
string (or, p-string) condensation mechanism, where the p-strings that condense are formed
from the particle-like flux excitations of the toric code layers, arranged along the length of
the string. Single charge (vertex) excitations of the toric code layers are confined by the
p-string condensate, but bound states of charges in two perpendicular layers are free to
propagate, and become the one-dimensional particles of the X-cube model. Moreover, in
this picture, the fractons arise as the gapped defects at the ends of a broken p-string.
These ideas were used to introduce a Zn generalization of the X-cube model [18], and
a generalization based on stacking double semion models [17]. The latter example is dis-
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tinguished from the ordinary X-cube model by the presence of non-trivial mutual statistics
between certain pairs of one-dimensional particles. A similar coupled-layer construction also
underlies one family of models proposed to support non-Abelian fracton excitations [25].
Beyond construction of new models, describing fracton phases in terms of p-string conden-
sation provides useful insights by relating these phases to more familiar d = 2 topologically
ordered phases. It is an open and intriguing question whether all gapped fracton phases
can be obtained from stacks of d = 2 topological orders via some kind of condensation
mechanism, or whether there are some gapped fracton phases for which this is impossible.
A different type of mechanism for fractons is provided by the coupled-chain constructions
of Hala´sz, Hsieh and Balents [26], who obtain fracton models by coupling together critical
spin chains. Remarkably, their construction requires only two-spin interactions. While the
effective Hamiltonian for their fracton model arises only at a very high order of perturbation
theory, with a corresponding small energy scale, these ideas may point the way to more
realistic fracton models.
Some mechanisms relating fracton phases to one another have also been discovered. In
particular, the X-cube fracton phase can be obtained from certain rank-two U(1) symmetric-
tensor gauge theories (described in more detail in Sec. III), via a Higgs mechanism where
charge-two matter fields condense [39, 40]. This is analogous to the situation with ordinary
vector gauge theory, where a U(1) gauge theory becomes a Z2 gauge theory upon condensing
charge-two matter [46]. In the fracton case, an interesting feature is that starting from a
U(1) tensor gauge theory with fractons is not a sufficient condition for the charge-two Higgs
phase to also have fracton excitations; for instance, if one starts with the simplest tensor
gauge theory on the cubic lattice and condenses charge-two matter, one obtains a theory that
has the same topological order as four copies of the d = 3 toric code. This model can then
be transformed into the X-cube model by a selective condensation of certain flux loops. An
alternate route to the X-cube model is to first condense certain point-like magnetic monopole
excitations to obtain a different U(1) tensor gauge theory [39], in which one subsequently
condenses charge-two matter to obtain the X-cube model [39, 40]. The effect of charge-two
condensation has also been studied in a family of rank-two U(1) tensor gauge theories, with
a range of resulting gapped phases including X-cube fracton order, conventional topological
order, and trivial phases [40].
11
III. GAPLESS FRACTON PHASES
We now turn our attention to gapless fracton phases, many of which can be described
in the language of tensor gauge theory. Early works studied spin models that realize tensor
gauge theories as low-energy effective theories [47–50]. More recently, the presence in these
theories of fractons and other excitations with restricted mobility was discovered by Pretko
[13]. We introduce the key features of tensor gauge theories in Sec.III A, where we also
explain the connection to the spin models previously discussed, and how these theories
provide a powerful, complementary, and intuitive perspective on the fracton phenomenon.
In Sec.III B, we analyze gapless fracton phases of tensor gauge theories, and discuss how
some fracton phenomenology may extend to two spatial dimensions. In Sec.III C we discuss
some of the surprising connections between gapless fracton phases and two seemingly very
different areas of physics: elasticity theory and gravitation. We make use throughout of the
Einstein summation convention, whereby repeated indices are implicitly summed over.
A. Symmetric tensor gauge theories
To set the stage, recall that in conventional gauge theories (like electromagnetism), the
gauge variable is a vector object Ai, from which one can obtain a vector magnetic field
Bi and electric field Ei. In the Hamiltonian formalism, which is most convenient for our
present purposes, the electric field Ei is canonically conjugate to the gauge field Ai, and the
requirement that states must be invariant under gauge transformations leads to a constraint
on the electric field, which is simply Gauss’s law. Gauss’s law ∇ · ~E = ρ in turn encodes a
local conservation law. We have∫
V
ρ dV =
∫
V
∇ · ~E dV =
∫
∂V
~E · ~dA. (8)
From this it follows that charge is locally conserved – the charge in a volume ρ is fixed by an
integral on its boundary. This implies that charge cannot be locally created or destroyed, so
that the dynamics within a region restricts to a ‘superselection sector’ with a definite value
of the charge. However, conventional electromagnetism does not support anything like the
fracton phenomenon. Can we build more restrictive constraints and superselection rules into
a more elaborate gauge theory?
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To make progress in this direction, we move away from gauge theories of vector objects
to gauge theories of tensors. Rank two tensors are sufficient for our present purposes, and we
will restrict our discussion to the rank-two case in this review. At first glance the claim that
rank-two tensors offer something new might seem surprising, since it is known that two-form
gauge theories (which are gauge theories of antisymmetric tensors) do not yield fractons or
sub-dimensional particles in three spatial dimensions.2 We consider instead symmetric rank-
two tensors.
The simplest symmetric tensor gauge theory is written in terms of a rank two symmetric
tensor gauge field Aij with a generalized gauge transformation Aij → Aij +∂i∂jφ, where Aij
is a real valued field and φ is a real valued scalar function. In the Hamiltonian formulation,
the conjugate variable to the gauge field is a rank two symmetric tensor electric field Eij. The
requirement of gauge invariance of states imposes on this conjugate variable a generalized
Gauss’s law constraint
∂i∂jEij = ρ. (9)
This Gauss’s law encodes two conservation laws. Not only is charge conserved (as in vector
gauge theories), but so is dipole moment. The conservation of dipole moment follows simply
from the Gauss’s law, integration by parts, and the divergence theorem, since∫
V
xiρ dV =
∫
V
xi∂j∂kEjkdV = surface terms on ∂V . (10)
Thus the integrated dipole moment is fixed by an integral over the boundary of the vol-
ume, and is conserved in the sense that no local process can change the dipole moment.
This conservation law in turn gives rise to a surprising local constraint: isolated charges
cannot move since any movement of an isolated charge would change the dipole moment.
Such a movement can only be accomplished by simultaneously creating an additional dipole,
which costs energy and takes the system off energy shell. Therefore, the charges are frac-
tons. Dipolar composites of fractons (e.g. a bound state of a positive and negative charge),
meanwhile, are mobile objects. Thus, the generalized Gauss’s laws associated with gauge
theories of symmetric tensors naturally encode additional conservation laws, which impose
superselection rules on the dynamics that naturally give rise to the fracton phenomenon.
2 Two form discrete theories are dual to conventional one form discrete gauge theories, while two form
continuous gauge theories are unstable to confinement in three or fewer spatial dimensions [51, 52]. Two-
form non-compact U(1) gauge theory in three dimensions is dual to the quantum XY model [53].
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Tensor gauge theories in this manner provide a natural (and fully quantum mechanical)
language for describing the fracton phenomenon.
We remark that, while our discussion is presented in terms of gauge theories in continuous
space, one must bear in mind that these theories should be defined on a lattice. Indeed,
the lattice plays a much more significant role than in ordinary vector gauge theories. For
instance, on the lattice, the allowed dipole vectors of the scalar charge theory themselves
form a lattice, whose points label different superselection sectors, so that the structure of the
“dipole lattice” is a low-energy property of the deconfined phase (see Sec. III B) where the
dipoles exist as propagating excitations. However, any definition of the scalar charge theory
with continuous rotational symmetry would have a continuous infinity of allowed dipole
vectors. Therefore, if such a theory exists, it would not be correct to say it is regularized by
the lattice scalar charge theory; rather, these are better viewed as two different theories.
It should be emphasized that tensor gauge theories are a framework – there are any
number of tensor gauge theories that could be written, with distinct gauge transformations
and Gauss’s laws, distinct Hamiltonians, and potential additional constraints such as trace-
lessness, and these can realize a multitude of different fracton phases. For a discussion of
some additional examples, see [13]. Some of these variants also naturally realize subdimen-
sional particles, which can move freely only in certain directions. At least some gapped
fracton phases, such as the X-cube model, can be described in terms of discrete tensor gauge
theories on the lattice [39, 40]. However, it is an open question how and whether all the
generalized gauge theories of [12] are related to tensor gauge theories.
B. Exploring gapless fracton phases
The framework of tensor gauge theories allows us to explore gapless fracton phases. Let us
consider the scalar charge theory previously introduced, with a simple Maxwell Hamiltonian,
H =
∫
d3r
[
Tr(ETE) + Tr(BTB)
]
, (11)
where the magnetic field is itself a tensor object defined by Bij = iab∂aAbj, with  the
Levi-Civita symbol. This theory has a gapless ‘photon’ sector, and a gapped matter sector,
the dynamics of which we have not written explicitly.
As for vector gauge theories, this theory can emerge from a lattice spin model, in the
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presence of a term that energetically enforces the Gauss law constraint at low energy. In this
setting, the theory is compact, meaning that the gauge potential is a 2pi-periodic variable,
and there are also point-like gapped magnetic charge excitations. Unlike the scalar electric
charge, the magnetic charge transforms as a vector [14]. An important point is that space-
time magnetic instantons, which can lead to a gap for the photon in compact U(1) vector
gauge theory in two dimensions, are not present here. The stability of the gapless photon
phase in this theory, and in many other tensor gauge theories, was demonstrated in [50].
In [13] it was pointed out that charges in the gapless photon phase of the d = 3 scalar
charge theory display a phenomenon dubbed ‘electrostatic confinement.’ A single charge
produces electric fields (determined by the generalized Gauss’s law), and the electrostatic
energy stored in these fields diverges with system size. This means that isolated fractons are
not finite-energy excitations, and instead are confined. However, dipoles can be created with
finite-energy cost, and interact with one another via a decaying power law potential. We
emphasize that other tensor gauge theories with finite-energy fracton excitations have been
identified; an example is the so-called traceless vector charge theory in three dimensions [13].
The behavior of tensor gauge theories at finite temperature was discussed in [24]. For the
d = 3 scalar charge theory, a crossover to a trivial phase was found, with a screening length
that diverges as exp(m/T ) at low temperatures, where m is a mass scale for the theory. Of
course, even at zero temperature, since charge is a conserved quantity, we may prepare a
state with as many charges as we want by introducing a suitable chemical potential, and by
embedding the system in a suitable neutralizing ‘jellium’ background (for more on this see
Sec.IV B).
The study of gapless fracton phases was extended in a new direction in [27], which added
topological terms to the action for tensor gauge fields. The specific term added was a gen-
eralization of the famous θ
∫
~E · ~B term from conventional gauge theories. In conventional
vector gauge theories in three spatial dimensions, such a term attaches electric charge to
magnetic charges (Witten effect [54]) and also gives rise to a Chern-Simons term on the
boundary. What does such a term do to symmetric tensor gauge theories?
To address the effect of topological terms, it is convenient to switch to the Lagrangian
formulation. The action takes the form
S =
∫
v
dV
1
2
[
(A˙ij − ∂i∂jφ)2 −BijBij
]
+
θ
4pi2
∫
V
(A˙ij − ∂i∂jφ)iab∂aAbj, (12)
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where φ is a Lagrange multiplier. It may then be shown [27] that a non-zero θ has the
effect of attaching ‘fractonic’ electric charges to the two ends of the magnetic charge vector,
such that the magnetic charge vector also acquires an electric dipole moment, in a fractonic
analog of the Witten effect. Such ‘charge attachment’ also has the effect of transmuting the
statistics of the mobile objects (e.g. dipoles), allowing us to work with either bosonic or
fermionic dipoles. This observation will be important for the discussion in Sec.IV B.
In a further illustration of the power of the tensor gauge theory approach, this formalism
may also be used to obtain fracton phases in two spatial dimensions. In two or fewer spatial
dimensions there appears to be some (not entirely understood) obstruction to constructing
fractonic commuting projector Hamiltonians. However, there is no obstruction to writing
down a symmetric tensor gauge theory. If one writes down a compact gauge theory then
there is in principle a problem – the theory undergoes confinement due to proliferation
of instantons, as for compact vector U(1) gauge theory [55]. However, this problem may
be circumvented in one of two ways. If one works with a gapped fracton phase with a θ
term (as discussed above), then on the two dimensional boundary of this three dimensional
phase, the bulk θ term gives rise to a generalized ‘Chern-Simons’ term which was argued
to stabilize the boundary tensor gauge theory against confinement [27]. Similar games may
also be played in purely two dimensions, where it was argued that one can stabilize the
theory against confinement by adding a Chern Simons term [28](thereby also rendering the
theory chiral, and inaccessible via stabilizer codes).3 More prosaically, however, if the goal
is simply a stable fractonic phase in two spatial dimensions, one can just write down a non-
compact tensor gauge theory. Such an approach was explored in [36], which also uncovered
an intimate connection to elasticity theory that we review in the next subsection.
C. Connections to elasticity theory and gravity
Gapless fracton phases are naturally described in terms of symmetric-tensor gauge theory.
Symmetric tensors famously appear in two other contexts: in elasticity theory (stress and
strain tensors), and in the theory of gravity (stress and metric tensors). Could there be deep
connections between these apparently disparate areas? The answer appears to be yes – with
3 However, [37] has argued that the apparent stability of the resulting theory may be an artifact of a
linearization approximation.
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exciting implications.
FIG. 4. A summary of the duality mapping be-
tween fracton gauge theory and the quantum the-
ory of elasticity in two spatial dimensions. Figure
taken from Ref.[36], with permission.
The connection between gapless fracton
phases and the quantum theory of elasticity
was worked out in [36], which established
a duality mapping between quantum elas-
ticity theory and gapless fracton phases in
two spatial dimensions. The gauge theory
in question is a non-compact version of the
scalar charge theory previously discussed, in
two spatial dimensions. The duality maps
fractons to disclinations of a quantum crys-
tal, which share the property that they can-
not move without creating additional excita-
tions. Meanwhile, dislocations of the crystal
are mapped to dipoles in the fracton gauge
theory, where the dipole and Burgers vec-
tors are perpendicular. Dipoles are free to
move transverse to the dipole vector. Mo-
tion along the dipole vector locally changes
the trace Eii. Under duality, Eii corresponds
to the density of vacancies and interstitials.
In the absence of vacancies and interstitials,
longitudinal dipole motion is forbidden, while in the presence of vacancies and interstitials,
longitudinal dipole motion is suppressed and corresponds to dislocation climb (i.e. motion
normal to the Burgers vector) - see Fig.4. Finally, the gapless gauge modes of the fracton
gauge theory are mapped to phonons in the language of elasticity, while the fractonic elec-
tric and magnetic fields map to the strain tensor and lattice momentum respectively. The
duality mapping is summarized in Fig.4.
The duality to elasticity theory provides powerful new insights into the physics of fracton
phases. At the most basic level, this provides a mechanism for generating new stable phases
of non-compact fractonic gauge theories, whose stability (as fully quantum theories) may be
established by duality to elasticity. Indeed Ref.[36] predicts several new fractonic phases in
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two spatial dimensions, via this duality. Whether the duality can be exploited in reverse, to
use fracton physics to gain new insights into the physics of quantum and classical crystals
(or related more traditional areas of physics), and whether the duality can be extended away
from two spatial dimensions, are exciting but still open questions.
The tensor gauge theories introduced to describe fractonic models also exhibit phenom-
ena reminiscent of gravity.4 This was recognized in [20], where the following stimulating
observations were made: First, it was observed that while isolated fractons are immobile ob-
jects, when multiple fractons are present in a system, they can move in a correlated fashion
such that the additional conservation laws (e.g. dipole conservation) are respected. Thus,
while the “inertial mass” of an isolated fracton is infinite, the “inertial mass” of a fracton
in a system containing other fractons is finite. Moreover, the closer fractons are together,
the more local the operators needed to move them in a correlated fashion become, resulting
in a lower effective mass. That is, the “inertial mass” of fractons depends on the density of
other fractons in the same region of space, in analogy with the famous “Mach principle” in
gravity [57, 58]. Secondly, it was observed that fractons experience an effective attraction,
since when close together, they can move about more freely. Finally, it was shown that the
motion of fractons follows geodesics in the “metric” defined by the effective hopping matrix
elements, such that the interaction between fractons appears to mimic gravity.
Whether these analogs of gravitational phenomena are a sign of more precise connections
between fracton physics and gravity remains to be seen. For starters, fracton models with
a gapped matter sector (such as the scalar charge theory), give rise to only a short range
attraction between fractons. A long range attraction would require some method of stabiliz-
ing fracton theories where the matter sector is gapless. Furthermore, true Einstein gravity is
non-linear, and this non-linearity is absent in the fracton theories that have currently been
explored. Finally, the tensor gauge theories as written are not diffeomorphism invariant,
as a theory of gravity must be. Despite these issues, it remains possible that insights from
gravitation may illuminate the study of fractonic tensor gauge theories (or vice versa), and
an exploration of these possibilities is an exciting avenue opened up by the study of gapless
fracton phases.
4 At first glance, the Weinberg-Witten theorem [56] may appear to rule out the possibility of gravity
emerging from a tensor gauge theory ultimately regularized on a lattice. However, the Weinberg-Witten
theorem assumes (a) Lorentz invariance and (b) the existence of asymptotic momentum eigenstates for
particles. The typical setting for fractonic theories is not Lorentz invariant and, even more importantly,
isolated fractons lack a momentum eigenstate description, so the theorem does not obviously apply.
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IV. FRACTONIC MATTER AT NON-ZERO DENSITY
Thus far we have focused on fractons in isolation, interacting at most with a small number
of other fractons. This may be viewed as the ‘particle physics of fractons’ which, together with
the work on fracton electrodynamics, constitutes the ‘standard model’ of fractonic matter.
A full understanding of fracton phases, however, requires also an understanding of the new
emergent phenomena that may arise when fractonic matter is present at non-zero density.
In this section we review what is currently known about the ‘condensed matter physics’ of
fractonic matter. In subsection IV A we consider the behavior of fractonic spin models far
from the ground state, and discuss the resulting glassy dynamics, and its connections to
many body localization [3]. In these models, fracton charge is only conserved modulo two,
and as such fracton density and energy density cannot be decoupled. In subsection IV B
we therefore switch to the language of tensor gauge theories with conserved U(1) charge.
These theories allow for chemical potentials which couple both to fracton density and to the
density of fractonic dipoles. By tuning these chemical potentials, one can turn on a finite
density of fractons (or fractonic dipoles), without going to finite energy density, and can
thus investigate the ground state physics of fractonic matter. This also allows us to study
theories where both the matter and the gauge sectors are gapless.
A. Dynamics of fractonic matter
Let us consider the quantum dynamics of fractonic stabilizer codes, such as the X-cube
model or Haah code. We want to consider quantum dynamics starting from simple initial
conditions, such as a definite configuration of excitations in real space. However, in stabilizer
codes, any configuration of local excitations labeled by stabilizer eigenvalues is an eigenstate,
and has trivial dynamics. To make the question interesting, one must allow for arbitrary
local perturbations of the stabilizer Hamiltonian, requiring however that the typical energy
scale of these perturbations be much smaller than the ‘gap scale’ W in the stabilizer code,
such that there is no phase transition. One can then study quantum Hamiltonian dynamics
starting from an eigenstate of the unperturbed stabilizer code, with some definite real-space
configuration of excitations.
If the system is initialized in a sector with a vanishing density of excitations, then it
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follows from the superselection rules of the theory that the fractons must be immobile, since
any movement of the fractons creates additional excitations and changes the energy of the
state. Quantum Hamiltonian dynamics will then keep these fractons close to their initial
positions, such that the system preserves forever a memory of its initial condition in local
observables. As such, the system exhibits a form of ‘quantum localization,’ at least in the
subspace with vanishing density of excitations (colloquially, ‘zero temperature’) [15]. Does
this localization survive to non-zero energy densities?
If the system is prepared at non-zero energy density then the behavior is considerably
richer, since in this case there exists a ‘heat bath’ internal to the system, made up of the
mobile composite degrees of freedom, from which one may borrow energy to place fracton
hopping back ‘on energy shell.’ This problem was investigated in detail in [19], and it was
found that in the X-cube model, fractons can hop by ‘hitching a ride’ on a two-fracton
composite (which is mobile in two dimensions). However, such hopping is only possible when
there is a mobile composite around, and the mobility of single fractons is thus proportional
to the density of mobile composites. If the initial state is a Gibbs state at small but non-
zero temperature T , then the mobility of individual fractons is ∼ exp(−W/T ), where W is
the energy gap for mobile composites i.e. fractons have exponentially low mobility at low
temperatures. Additionally, if the fracton and mobile-composite sectors are initially prepared
at different temperatures, then one may show by writing down and solving classical rate
equations describing energy transfer between the sectors that the approach to equilibrium
is logarithmically slow over exponentially long times i.e. the temperature difference between
sectors decays as 1/ log(t) over a time window of order exp(+W/T ). It thus follows, both
from the suppressed mobility of fractons, and from the logarithmically slow relaxation, that
the X-cube model at low but non-zero energy density exhibits glassy dynamics.
The behavior is even richer for Haah’s code, in which the energy cost of moving a fracton
a distance r grows as W log(r), at least up to the inter-fracton distance. Since the amount
of energy that must be borrowed from the heat bath of composites grows with r, it follows
that for a fracton to move a distance r, a time exp(W log(r)/T ) = rW/T must elapse. At low
temperatures, this constitutes strongly subdiffusive relaxation 〈r2〉 ∼ tη with η = 2T/W  1.
This subdiffusion continues at least up to the time that it takes fractons to ‘find each other.’
This ‘relaxation timescale’ may meanwhile be estimated as follows: if the initial state is a
Gibbs state at a temperature T , then the density of fractons is exponentially small in T , and
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the typical interfracton spacing is r ∼ exp(W/T ). Substituting into the above formula, we
conclude that the relaxation time for Haah’s code should scale as exp(W
T
log exp(W/T )) =
exp(W
2
T 2
). This superexponential dependence of relaxation time on temperature is reminiscent
of ‘almost many body localized’ systems [59, 60], and also of kinetically constrained models
of classical glasses [61]. While these results were obtained in [19] using methods of closed
system quantum dynamics, similar results also obtain if one considers a system in contact
with an external heat bath, in which case the Lindblad formalism may be applied [62].
The apparent similarity to classical glasses is far from accidental. Indeed, the dynami-
cal rules governing the relaxation of fracton models are analogous to those of ‘kinetically
constrained’ theories in the ‘East model’ class (for a review see e.g. [63, 64] and references
contained therein). These classical models also exhibit ‘dynamical facilitation,’ whereby ex-
citations (fractons) can move only in the vicinity of other excitations (mobile composites),
and such ‘dynamical facilitation’ provides a well known and robust route to glassy behav-
ior (see e.g. [65, 66] and references contained therein). However, in kinetically constrained
models these dynamical constraints are imposed ‘by hand,’ whereas for fracton models they
emerge naturally from Hamiltonian dynamics. Indeed, the earliest fracton models [5, 7] were
specifically designed to have this property, generalizing classical ‘plaquette models’ that also
exhibit naturally emerging dynamical constraints (see e.g. [67, 68]). However, these early
works also assumed contact with an external heat bath, whereas we now know [19] that
fracton models also exhibit glassy dynamics under closed system quantum dynamics, pro-
viding an intimate connection to recent developments in quasi-many body localization in
translation invariant systems [69–75].
B. Thermodynamics of fractonic matter
In spin models such as the X-cube model and Haah’s cubic code, fracton density and
energy density cannot be independently controlled. In contrast, U(1) tensor gauge theories
allow for independent control of energy density and ‘fractonic charge density,’ and thus hold
out the promise of even richer behavior. The dynamics of fractonic matter, separating out the
effects of non-zero charge density and non-zero energy density, have yet to be understood.
However, progress has been made [28] in understanding the thermodynamics of fractonic
matter at zero energy density but non-zero charge density, and we review this progress here.
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What is the ground state of a system containing a non-zero density of fractons 5? It turns
out [28] that this is determined by a delicate competition between kinetic and potential
energy. On the one hand, fractons are able to move around when in close proximity to other
fractons. For example, in a theory where fractonic behavior arises due to dipole moment
conservation, two fractons could move in opposite directions, thereby leaving the total dipole
moment unchanged. However, such motion requires an operator that acts on the scale of the
inter-fracton separation. If we assume that the underlying Hamiltonian is purely local, then
the amplitude of such ‘hopping’ processes falls off exponentially with inter-fracton distance.
This then generates a short range attraction between fractons (decaying exponentially with
distance), in which fractons ‘like’ to be close together so they can satisfy the kinetic terms
in the Hamiltonian. However, there is also an electrostatic repulsion between fractons of
like charge, which falls off as a power law with potential V (r) = αr−n, with n determined
by the precise theory (and Gauss law) under consideration. The competition between short
range attraction and long range repulsion was addressed in [28] (assuming weak α) and
it was shown that (i) for n > 3 the kinetic energy dominates, such that the fractons all
cluster together in a single region of the system (ii) for n < 0 the repulsion dominates, and
the ground state is a Wigner crystal of fractons, and (iii) for 0 < n < 3 there arises an
intermediate ‘micro-emulsion’ phase in which fractons form clusters of finite size, and these
clusters then form a Wigner crystal.
Importantly, fracton phases exhibit additional conservation laws besides conservation of
fractonic charge. For example, the ‘scalar charge theory’ from Sec.III exhibits a conserved
dipole moment. In such theories, one may therefore ‘turn on’ an additional (vector) chem-
ical potential that couples to fractonic composites (elementary dipoles in the scalar charge
theory), and thus address the phases of fractonic composite matter at finite density. Since
fractonic composites are mobile particles even in isolation, one has now a richer variety of
phases to explore.
Ref.[28] initiated the study of phases of fractonic composite matter by considering the
simplest such question, in which one works with the scalar charge theory from Sec.III and
turns on a non-zero density of dipoles of a single orientation, while keeping the density of
fractons zero. Problems with non-zero densities of fractons and dipoles, or non-zero densities
5 It is assumed that the system is embedded in a ‘fractonic jellium’ background, so that there is a well
defined thermodynamic limit. The theory is also implicitly defined on a lattice, restricting the allowed
dipole moments.
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of dipoles with multiple orientations, have yet to be addressed. Ref.[28] also assumed for
specificity that the dipoles were fermions (exchange statistics of dipoles can be transmuted
as discussed in [27], and the equivalent problem with bosonic dipoles was not discussed). One
then has a problem in which there are a finite density of mobile fermions (fractonic dipoles
with a particular orientation), which interact via a 1/r repulsion in three spatial dimensions.
The ground state, unsurprisingly, is conjectured to be a Fermi liquid, at least for not too
strong repulsion. This seemingly prosaic ground state however supports an unexpected finite
temperature transition. To demonstrate this, [28] showed that while the ‘bare’ inter-fracton
potential is ∼ r, in the presence of a Fermi surface of dipoles (of a particular orientation)
it gets screened to g log(r). This logarithmic interaction then competes against entropy,
such that above a critical temperature Tc ∼ g the dipoles ‘unbind’ into fractons, destroying
fracton order.
There is thus a rich structure and unexpected behavior to be found when one allows
oneself to conside fracton systems at non-zero density, such that both the gauge and matter
sectors are gapless. It should be emphasized moreover that most of this structure remains
to be explored - Ref.[28] only studied some of the simplest problems pertaining to ther-
modynamics of fractonic matter. There remain a plethora of open problems even in the
thermodynamics while the dynamics has not even been touched on. These issues present a
fertile field of exploration for future work.
V. OPEN QUESTIONS AND CONCLUSIONS
The exploration of the fracton frontier is still in its early stages, and many important
questions remain open (some of which we have touched on already). One obvious open ques-
tion is: what types of fracton theories are possible, and how stable are they? For example,
could the tensor gauge theory approach give access to fracton physics in one spatial dimen-
sion, as conjectured in [28]? And if so, would the resulting theory be stable? Even in two
and three spatial dimensions, are there qualitatively new types of fracton theories that have
yet to be discovered? For example, a proposed non-Abelian extension of fracton theories
was presented in [25]. Another interesting open question is whether there exist simple lattice
spin models that realize a fracton phase. The existing exactly solvable models are extremely
complex, and an identification of simpler models realizing analogous physics is greatly to
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be desired. 6 A related question is whether all known fracton phases can be obtained from
tensor gauge theories in some simple manner e.g. by condensing some set of objects. An-
other set of interesting questions seeks to exploit the connections of fracton phases to other
areas of physics, such as quantum dynamics, quantum information theory, elasticity theory,
and gravity. In particular, could the study of fractons provide new insights into these other,
more traditional fields? Perhaps the most pressing open questions though, are: where could
fractons be found in real materials, and how would we know a fracton phase where we see
it? All these questions are wide open (as no doubt are others that we have overlooked) -
there is much still to explore.
In this review we have charted the current theoretical understanding of fracton phases of
matter. It must be emphasized that despite the tremendous recent advances reviewed herein,
the fracton frontier remains largely unexplored, and there remain no doubt new continents
to discover. This is true both on the theoretical and, especially, on the experimental side,
where the field is so young that any review seemed premature. We look forward to new
researchers joining in the exploration of this new frontier and advancing our understanding
of the field.
6 Some progress in this direction was reported in [22, 26].
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